Abstract. For a Spin(9)-structure on a Riemannian manifold M 16 we write explicitly the matrix ψ of its Kähler 2-forms and the canonical 8-form Φ Spin(9) . We then prove that Φ Spin(9) coincides up to a constant with the fourth coefficient of the characteristic polynomial of ψ. This is inspired by lower dimensional situations, related to Hopf fibrations and to Spin(7). As applications, formulas are deduced for Pontrjagin classes and integrals of Φ Spin(9) and Φ 2 Spin (9) in the special case of holonomy Spin(9).
Introduction
Although Spin(9) belongs to M. Berger's list in his holonomy theorem, it has been known for a long time that the only simply connected complete Riemannian manifolds with holonomy Spin (9) are the Cayley projective plane OP 2 = F4 Spin (9) and its dual, the Cayley hyperbolic plane OH 2 =
Spin(9) (cf. [5] , [11] , as well as [9, Chapter 10] ). It is also known that, on the unique irreducible 16-dimensional Spin(9)-module ∆ 9 , the space Λ 8 of exterior 8-forms contains a 1-dimensional invariant subspace Λ 8 1 . Thus, any generator of Λ 8 1 can be viewed as a canonical 8-form Φ Spin(9) on R 16 , which is Spin(9)-invariant with respect to the standard Spin(9)-structure.
In the same year 1972 when the quoted paper [11] by R. Brown and A. Gray appeared, Berger published an article [8] on the Riemannian geometry of rank one symmetric spaces, containing the following very simple definition of a Spin(9)-invariant 8-form Φ Spin (9) in R 16 :
(1.1) Φ Spin (9) def Here ν l is the volume form on the octonionic lines l is naturally associated with the Spin(9)-structure. The 36 differential forms ψ αβ , for α < β, are thus a local system of Kähler 2-forms of the Spin(9)-manifold (M 16 , V 9 ). The first result of this paper is the explicit computation of the 702 terms of Φ Spin (9) , according to the work by Abe and Matsubara, and on the grounds of Berger's definition of Φ Spin (9) . The computation was performed with the help of the software Mathematica, and the result is shown in Table B at page 15.
The second result is the following formula for Φ Spin (9) , see Theorem 7.1.
Theorem. Let Φ Spin(9) = c OP 1 p * l ν l dl be the canonical 8-form in R 16 , and choose the constant c in such a way that all its 702 terms are integers, with no common factors. Then c = Formula (1.4) for Φ Spin(9) holds more generally for any 16-dimensional manifold equipped with a Spin(9)-structure. In particular, when the matrix (1.3) of Kähler forms can be interpreted as the matrix of local curvature forms of a linear connection in the real vector bundle V 9 → M 16 , then by Chern-Weil theory its second Pontrjagin class p 2 (V ) is represented, up to a constant, by the closed form τ 4 (ψ). This is certainly the case for a compact Riemannian manifold M 16 with holonomy Spin(9), i.e. either OP 2 or any compact quotient of OH 2 . Thus, the third result of this paper is the representation through Φ Spin(9) of the second Pontrjagin class of OP 2 or any compact quotient of OH 2 , and a relation of the integrals of Φ Spin (9) and Φ 2 Spin (9) with the volumes of OP 1 and OP 2 respectively, see Corollaries 7.3 and 7.4.
It is worth mentioning that our point of view is not strictly related to Spin(9) as holonomy, but follows the line of non-integrable geometries. For a unified approach to several non-integrable geometries, see the survey [4] .
In this paper we also develop the analogy between Spin(9)-structures on 16-dimensional manifolds and either almost complex Hermitian structures in dimension 4 or almost quaternion Hermitian structures in dimension 8. This is done in Section 3, where this similarity is explained in the framework of what we call Hopf structure, arising from the structure of the symmetry group of a Hopf fibration. In particular, in dimension 8 the structure group Sp(1) · Sp(2) is generated by 5 involutions, inducing 10 Kähler forms θ αβ , and the left quaternionic 4-form appears as the second coefficient of the characteristic polynomial of the matrix (θ αβ ), see Proposition 3. 4 .
In Section 4 we show that Spin(7) cannot be defined through 7 involutions, but nevertheless it admits 21 Kähler forms ϕ αβ , and the structure 4-form Φ Spin(7) appears as the second coefficient of the characteristic polynomial of the matrix (ϕ αβ ), see Proposition 4.3.
In Section 5 we explicitly compute the 36 Kähler forms ψ αβ of a Spin(9)-structure, and we prove that in the characteristic polynomial of (ψ αβ ) only the fourth coefficient τ 4 (ψ) survives, see Proposition 5.1. Section 6 is then devoted to the computation of Table B and finally, in Section 7, we prove that 360Φ Spin(9) = τ 4 (ψ) see Theorem 7.1, and we use Chern-Weil theory to obtain a few relations between Φ Spin (9) and Pontrjagin classes of compact manifolds with holonomy Spin (9) .
The 36 almost complex structures J αβ given in (1.2) will be also used in two forthcoming papers, concerning the classical problem of vector fields on spheres of arbitrary dimension [24] , and the study of 16-dimensional manifolds equipped with a locally conformal parallel Spin(9) metric [25] .
For the reader's convenience, Table A presents a list of symbols specific to this paper.
Symbol Meaning 1, i, j, k, e, f, g, h Units in the octonions O, with ie = f, je = g, ke = h. See Section 2.
Φ Spin(7) Structure 4-form for Spin (7) . Defined by (2.4). 
J αβ
The complex structure I α I β . For α = 1, . . . , 3 see (3.2); for α = 1, . . . , 5 see (3.5) and (3.6); for α = 1, . . . , 9 see (5.2) and (5.
Right and left multiplication in H. Here α ∈ {i, j, k}, see (3.4) and (3.10) . R α Right multiplication in O. Here α ∈ {i, j, k, e, f, g, h}, see (4.1).
Matrix of the Kähler forms of J αβ . Defined only in dim = 8, thus α, β = 1, . . . , 5, see (3.7) and (3.8). Θ Sum of the squares of θ αβ . Defined only in dim = 8, see (3.9) .
φ α Kähler forms of R α . Here α ∈ {i, j, k, e, f, g, h}. They generate Λ
The complex structure R α R β , where α, β ∈ {i, j, k, e, f, g, h}, see (4.4). ϕ = (ϕ αβ )
Matrix of the Kähler forms of R αβ , where α, β ∈ {i, j, k, e, f, g, h}, see (4.5) and 4.3.
Matrix of the Kähler forms of J αβ , where α, β ∈ {1, . . . , 9}, see (5.4), (5.5) and 5.1.
The coefficients of det(tI − ψ). Only τ 4 and τ 8 are non-trivial, see 5.1. ω
The 2-form c
With c = −120/π 2 we have Ω = Right quaternion-Kähler form in H 2 , see (6.4) .
The constant c = 110800/π 4 is chosen in such a way that the coefficients of Φ Spin(9) be coprime integers, see (6.6). 
Preliminaries and notations
In this section we state some standard facts and notations on octonions, which will be used throughout all the computations in this paper. For details, the reader is referred for instance to [20] , which is consistent with our notation.
We will denote by i, j, k the units of the quaternions H. A natural way to look at octonions O is then as pairs of quaternions. Accordingly, the multiplication between x, x ∈ O is defined by writing
and their product as
where h 1 , h 2 are the conjugates of quaternions h 1 , h 2 ∈ H (see for instance [23, page 139] ). Note that the identification
is not an isomorphism between O and H 2 as quaternionic vector spaces. This is instead the case for the map
(cf. [12, page 5] ), useful to compare structures related to quaternions and octonions. We will use this for example to write down Formulas (4.1), concerning the almost complex structures associated with Spin(7). Multiplication in O is related through Formula (2.1) with multiplication in H. For this reason, in this paper we need to distinguish between them, and we will use the symbols R H , L H for quaternionic multiplication, reserving R, L to the octonion multiplication.
The conjugation in O is defined through the one in H:
and allows to write the non-commutativity of O as
The non-associativity of O gives rise to the associator
alternating and vanishing whenever two of its arguments are either equal or conjugate. The condition [x, y, z] = 0 for orthonormal bases {x, y, z} defines the associative 3-planes ζ ⊂ R 7 = Im O, also characterized as the ones closed with respect to the cross-product
The Grassmannian of associative 3-planes in Im O is the quaternion Kähler Wolf space G 2 /SO(4). The double cross product on
or by the simpler expression x(yz) whenever x, y, z are orthogonal. If <, > denotes the standard scalar product on R 8 , the 4-form = a + a. We will use the above notation αβγδ and a + throughout all this paper. Our definition of Φ Spin (7) follows the choices in [20, page 120] . Note that other references like [21] or [22] use different signs in some of the terms of Φ Spin (7) . The group Spin(7) can be defined as the subgroup of SO(8) leaving the 4-form Φ Spin(7) invariant. Equivalently (see also Section 4), Spin (7) is the subgroup of SO(8) generated by the right multiplications R u , for all imaginary units u ∈ S 6 ⊂ Im O. According to what we mentioned in the Introduction, we give now the definition of a Spin(9)-structure in the framework of G-structures, that we will use in this paper. Definition 2.1. A Spin(9)-structure on a Riemannian manifold M 16 is a rank 9 vector subbundle V 9 ⊂ End(T M ), locally spanned by nine endomorphisms I α satisfying the following conditions:
where I * α denotes the adjoint of I α .
Observe that Formula (2.8) implies that compositions of n different I α 's are complex structures if n ≡ 2, 3 mod 4, and involutions if n ≡ 0, 1 mod 4.
For M = R 16 , I 1 , . . . , I 9 are generators of the Clifford algebra Cl(9), considered as endomorphisms of its 16-dimensional real representation
can be seen as symmetric endomorphisms v : ∆ 9 → ∆ 9 via the Clifford multiplication, and these endomorphisms generate Spin (9) .
An explicit way to describe these generators is by writing v ∈ S 8 ⊂ R × O as r + u, where r ∈ R, u ∈ O and r 2 + uu = 1, and acting on pairs (
cf. [19, page 288] . Observe that Formula (2.9) describes as well a set of generators for other Lie groups, provided that v is taken respectively in S 2 and S 4 , that is to say, provided that x, x , u in (2.9) are taken respectively in C and H.
Low dimensions
Formula (2.9) can be used to define actions of the spheres S 2 on C 2 and S 4 on H 2 , by taking v ∈ S 2 ⊂ R × C and v ∈ S 4 ⊂ R × H respectively. This leads to alternative definitions of a U(2)-structure on R
4
and of a Sp(1) · Sp(2)-structure on R 8 , respectively. We briefly describe the analogy with symmetries of the Hopf fibrations presented in [18] . Our terminology is motivated by the standard choice M 4 = C 2 . Here one gets the standard complex Hopf structure from the elements (r, u) = (0, 1), (0, i), (1, 0) ∈ S 2 ⊂ R × C. Their actions on C 2 according to (2.9) generate the (identity component of the group of) symmetries of the Hopf fibration S 3 −→ S 2 . We obtain in this way the Pauli matrices: (3.1)
belonging to U(2). The compositions J αβ def = I α I β , for α < β, are given by the complex structures
acting on H ∼ = C 2 as multiplication on the right by unit quaternions:
From this, we see that our datum of V 3 ⊂ End(T R 4 ) on R 4 gives rise, through the Kähler forms of J 12 , J 13 , J 23 , J 123 , to the decomposition of 2-forms in R 4 as
and the following observation follows.
Proposition 3.2. The datum of a complex Hopf structure on a Riemannian manifold M 4 is equivalent to an almost Hermitian structure, via the isomorphism U(1) · Sp(1) ∼ = U(2).
Similarly, Formula (2.8) suggests also the following: 
The ten compositions J αβ def = I α I β , for α < β, are thus the following complex structures on R 8 :
(3.5)
, and (3.6)
We obtain also ten further complex structures J αβγ def = I α I β I γ , for α < β < γ, that are easily seen to coincide -up to the sign of the permutation
-with the former J δ . Moreover, compositions I α I β I γ I δ reproduce -up to the negative of the sign of the above permutation-the five involutions I . Recall now that that a Sp(1) · Sp(2)-structure , i.e. a left quaternion Hermitian structure, on R 8 is equivalent to decomposing 2-forms as
where sp(2) ∼ = so (5) is defined. We will need also the fact that the left multiplications by i, j, k
have Kähler forms
and if
This proves the following:
Proposition 3.4. The skew-symmetric matrix θ = (θ αβ ), whose entries are the Kähler forms of the complex structures J αβ on R 8 , allows to construct both the left quaternionic 4-form Ω L and the right
On the other hand, one can easily check that matrices B = B B B B ∈ SO (8) is equivalent to a (left) almost quaternion Hermitian structure, i.e. to a Sp(1) · Sp(2)-structure.
In the above discussion we looked at the standard U(2) and Sp(1) · Sp(2)-structures on R 4 and R 8 , through the decompositions of 2-forms
and orthonormal frames in the component so(3) and sp (2), respectively. The last components Λ 
Thus Spin(9)-structures can be viewed as analogues, in dimension 16, of U(2) structures in dimension 4 and of Sp(1) · Sp(2) structures in dimension 8. Summarizing:
, when u, x, x ∈ C, H, O (and in any case r ∈ R and r 2 + uu = 1) generate the groups U(2), Sp(1) · Sp(2), Spin(9) of symmetries of the Hopf fibrations
(in the first case just the identity component, cf. [18] ). The corresponding G-structures on Riemannian manifolds M 4 , M 8 , M 16 can be described through vector subbundles V ⊂ End(T )M of rank 3, 5, 9, respectively. Any such V is locally generated by self-dual involutions I α satisfying I α I β = −I β I α for α = β and related, on open neighborhoods covering M , by functions giving matrices in SO(3), SO(5), SO(9).
The Kähler forms of a Spin(7)-structure
We saw that U(2), Sp(1) · Sp(2) and Spin(9) can be described through 3, 5 and 9 involutions satisfying relations (2.8). We now show that a similar approach cannot be pursued with Spin(7)-structures, that is, Spin(7) cannot be described by 7 involutions satisfying relations (2.8). Proof. We already observed in Section 2 that J αβ and J αβγ are complex structures. Now observe that (2.8) implies, for any α = 1, . . . , n, that tr(I * α I α ) = 1, and for α < β, that tr(I * α I β ) = 0. Thus the I α are orthonormal and symmetric. By a similar argument, tr(J * αβ J αβ ) = 1 and tr(J * αβ J γδ ) = tr(I β I α I γ I δ ) = 0 if any of γ, δ equals α or β. Finally, for α = γ and β = δ, note that J * αβ J γδ is the composition of the skew-symmetric J βαγ and the symmetric I δ and as such its trace is necessarily zero. Similar arguments show that the J αβγ , for α < β < γ, are orthonormal. Corollary 4.2. The Spin(7)-structures on R 8 cannot be defined through 7 endomorphisms satisfying relations (2.8).
Proof. For any choice of 7 endomorphisms {I α } in R 8 satisfying relations (2.8), the complex structures J αβγ , for α < β < γ, would give rise to 35 linearly independent skew-symmetric endomorphisms, by Proposition 4.1. But this would contradict decomposition (2.7) of 2-forms in R 8 under Spin(7).
Nevertheless, the right multiplications by i, j, k, e, f
As mentioned in Section 2, these complex structures lie in Spin(7) ⊂ SO(8). We will now use Formula (2.1) to explicitly write the matrix form of
and thus their matrices read (4.1) On the other hand, one can write the compositions R αβ def = R α R β , for α, β ∈ {i, j, k, e, f, g, h}: (4.4)
where left and right multiplication on H are given by Formulas (3.4) and (3.10), and their compositions are
A computation shows then that their Kähler forms ϕ αβ coincide, up to sign, with the forms (4.3). We write explicitly some of them: (4.5)
We can now prove that the 8-form Φ Spin(7) defined in (2.5) can be recovered from any of the two components in the decomposition (2.7). Proposition 4.3. The 7 Kähler forms φ i , . . . , φ h of the complex structures R i , . . . , R h and the 21 Kähler forms ϕ ij , . . . , ϕ gh of R αβ , for α, β ∈ {i, j, k, e, f, g, h}, satisfy
where τ 2 (ϕ) is the second coefficient of the characteristic polynomial of ϕ def = (ϕ αβ ). Thus Φ Spin (7) is, up to a constant, the sum of squares of elements of an orthonormal basis in any of the components of
. Proof. A computation shows that 
The conclusion then follows by comparing (4.6) with (2.5). (under Spin (7)) can be made more precise in terms of the above mentioned generators of the components. The following identities hold between the ten Spin(5) Kähler forms θ αβ and some of the 7 and of the 21 Kähler forms associated with Spin(7): , that contains the so(3) spanned by ϕ f g , ϕ f h , ϕ gh .
Remark 4.5. By comparing the last two sections, it appears that the behaviour of the representations of Spin(5) and of Spin(7) on R 8 are quite different in terms of the associated almost complex structures. In particular, Corollary 4.2 states the impossibility of deducing the almost complex structures defined by Spin(7) from a set of involutions. As we will see in the next section, Spin(9) is much closer in this respect to Spin(5) than to Spin(7). However, most of the formulas written in the present section will be useful to obtain explicitly the Kähler forms associated with Spin(9). = I α I β , for α < β, and at the 84 compositions J αβγ def = I α I β I γ , for α < β < γ, all complex structures on R 16 . We write now explicitly the matrix forms for J αβ , and for convenience we split them in two families. The first 28 complex structures are
and the remaining 8 complex structures are 
We (ψ αβ ) α,β=1,. ..,9 given by Formulas (5.4) and (5.5). Then its characteristic polynomial reduces to
Proof. The coefficients τ 2k−1 of det(tI − ψ) are zero, since ψ is a 9 × 9 skew-symmetric matrix. Thus, it remains to check that τ 2 = τ 6 = 0. Since τ 6 (ψ) is the Hodge star of τ 2 (ψ) in R 16 , we are only left to show the vanishing of τ 2 (ψ).
Observe that the Kähler forms in (5.4) can be arranged in the following seven families: 6) and note that the four ψ αβ in each line indicate precisely the four pairs (αβ) appearing in their expression. Note also that in each line the signs inside brackets follow (up to a global change) the four patterns
that is, an even number of + and − signs. Finally, observe that in all cases (and again up to a global change for forms of type ψ 1β , for β = 2, . . . , 8) the same pattern appears both in the terms with coordinates (1, . . . , 8) which gives (cf. [13] as well as the discussion in [11] concerning invariant tensors of the 16-dimensional representation of Spin (9)):
Since τ 8 (ψ) is a 16-form, it is proportional to the volume form of R 16 . Sections 6 and 7 will be devoted to the computation of τ 4 (ψ). Φ Spin(9)
for some constant c. The Spin(9)-invariance of Φ Spin (9) is a consequence of the Spin(9) action on the octonionic lines l and of the Spin(9)-invariance of the measure dl on OP 1 . The above definition of Φ Spin (9) , forerunning the point of view of calibrations, parallels that of the Kähler 2-form in C n and the quaternionic 4-form in H n as the integrals CP n−1 p * l ν l dl and HP n−1 p * l ν l dl respectively.
In this Section, we will use Formula (6.1) to explicitly compute Φ Spin(9) ∈ Λ 8 R 16 , and we will give a formula analogous to Formula (2.5). To this aim, it is convenient to look first at the corresponding approaches for the complex and quaternionic cases.
Denote by p l : C 2 − 0 → l m the projection, and by ν l the volume form on l m ⊂ R 4 . Writing the generators (1, m) and (i, mi) of l m in real coordinates, and using again the notation {1, . . . , 4} for the standard basis of Λ 1 R 4 , we obtain the following coframe α 1 , α 2 in l m ⊂ R 4 :
Thus, we have
and using polar coordinates m = ρe iθ , we have dm 1 ∧ dm 2 = ρ/(1 + ρ 2 ) 2 dρ ∧ dθ and
The 2-form ω is then described by 4 2 integrals, and a computation shows that the only non-zero coefficients are that of 12 and 34:
Thus, for a ad-hoc choice of the constant c, we obtain
The quaternion-Kähler form in H 2 . Following the complex case, in the quaternionic case we write 
Again, the computation of these 
The main formula and its corollaries
Let M 16 be a Riemannian manifold equipped with a Spin(9)-structure, as in Definition 2.1. The linear algebra developed in Section 5 gives then local Kähler matrices on M , namely the skew-symmetric matrices ψ def = (ψ αβ ), where ψ αβ are the Kähler forms of the 36 local almost complex structures J αβ , for 1 ≤ α < β ≤ 9 (cf. Formulas (5.2) and (5.3)). Moreover, we have a Spin(9)-form on M , that is, the 8-form locally written as Φ Spin (9) given by Formula (6.6). We denote it by the same symbol Φ Spin (9) .
A local Kähler matrix ψ is a local 2-form taking values in so (9) , and ψ, ψ associated with different local orthonormal bases of sections are related as usual by (7.1)
where A denotes the change of basis, with values in SO (9) . Thus the characteristic polynomial det(tI −ψ) is globally defined. The following is the main theorem of this paper.
Theorem 7.1. The 8-form Φ Spin(9) associated with the Spin(9)-structure V 9 → M 16 coincides, up to a constant, with the coefficient τ 4 (ψ) of t 5 in the characteristic polynomial det(tI − ψ) = t 9 + τ 4 (ψ)t 5 + τ 8 (ψ)t , where ψ is any local Kähler matrix of M . The proportionality factor is given by 360Φ Spin(9) = τ 4 (ψ) .
Proof. The fact that in the characteristic polynomial only the terms of degree 9, 5 and 1 survive was already observed in Proposition 5.1. The 8-form τ 4 (ψ) is naturally Spin(9)-invariant and thus, if not zero, it has to be proportional to Φ Spin (9) . Then, to compute the proportionality factor, it is sufficient to look at any of the terms of Φ Spin(9) and τ 4 (ψ). We consider the term 12345678.
